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Abstract: The paper is discussed the sensitive and transitive property of a dynamical system with strong specification property.
It is proved that if a dynamical system is sensitive, then it is syndetically sensitive with the same constant of sensitivity. Further,
it is given another condition such that if a dynamical system is sensitive, then it is syndetically sensitive with the same constant of
sensitivity. Meanwhile, it is stated that if a dynamical system has shadowing property, then it is totally syndetically transitive.
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1. Introduction

Specification property was first introduced by Bowen to
give the distribution of periodic points for Axiom A
diffeomorphisms [1]. In recent years, many scholars focus on
specification property and its related properties. Lampart [2]
described some relations between specification property and
m-chaos. Kulczycki [3] studied relations between almost
specification property, asymptotic average shadowing
property and average shadowing property for compact
dynamical systems. Wang at. el. [4] shown that an expansive
system with specification property displays a stronger form of
m-chaos. It is proved that there exists a system having almost
specification property and zero entropy [5]. Kwietniak [6]
examined relations between specification like properties and
such notions as: mixing, entropy, the structure of the simplex
of invariant measures, and various types of the shadowing
property. Kwietniak at. el. [7] stated that the weak
specification property neither implies intrinsic ergodicity, nor
follows from almost specification. It was proved that a self
homeomorphism on property [8].

The paper is organized in the following manner: In Section
2, it is given preliminaries required for the development of the
paper. In Section 3, it is proved that if a dynamical system
(X,T) is sensitive with strong specification property, then it is

syndetically sensitive with the same constant of sensitivity.

Further, it is given another condition such that if (X,T) is

sensitive, then it is syndetically sensitive with the same
constant of sensitivity. At least, it is shown that if a dynamical

system has d-shadowing property or d-shadowing property
with strong specification property, then it is totally
syndetically transitive.

2. Basic Definitions

Let 7:X - X be a continuous map acting on a
compact metric space (X,d).

Asubset S of 7Z issyndetic if it has a bounded gap, i.c.,
if there is N ONsuch that {i,i+L-i+N}NS#0 for
every ;17 ; S is thick if it contains arbitrarily long runs of
positive integers, i.e., for every nlIN there exists some
a,0Z such that {a,,a, +1---,a, +n} OS .

Let (X,7) be a dynamical system and let d be an

no

admissible metric on X.

According to the classical definition, 7' is sensitive if there
exists 0>0 with the property that for any nonempty open set
UOX , one can find y,zOU and nON such that

d(T"(»),T"(z))>0 . It is written this in a slightly different way.
For UO X and J>0, let
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N, (U,0)={n0ON:there exist y,z0OU

with  d(T"(y),T"(z)) > J}.

It is called that T is syndetically sensitive if there exists
0>0 with the property that for every nonempty open set
UUOX,so N.(U,d) issyndetic.

Let X beasetand

A, ={(x,x)|x0X}.

Then Ay is called the diagonal of X XX . A subset M
of XXX issaid to be symmetric if Af = M7, where

M" ={(y.x)|(x,y)OM} .

Definition 2.1. A map T is said to have strong
specification  property if for every symmetric

neighborhood U of the diagonal AX there is a positive
integer M such that for any finite sequence of points
X, X5, +, X, in X , any integers
a,<b <a,<b,<---<a,<b,
with a; =b,_, 2M(2< j<k) and any P> M+, ~a)’
there exists x[0X suchthat 77(x)=x and
F'(x,xj)DU,aj Si<b,l<j<k.
Let &, >0. A function

g:Nx(0,6,) - N

is called a mistake function if for all £0(0,¢,) and all

nlN,g(n,e)< gn+1,¢)
and

limM =0.
n n

Given a mistake function g , if £2¢, it is defined

g(nag) = g(”ago) .
Let g be a mistake function and £>0. For n[ON large
enough such that

g(n,e)<e,
it is defined
I(g;n,&)={NO{0,1,--,n—1}: #A=2n—g(n,&)} ,

where #/\ denotes the cardinality of A .
For a finite set of indices

AD{0,1,,n—1}

it is defined the Bowen distance of X,y[JX along A by
dp(x,y) = max{d(T’'x,T’y)}
J
and the Bowen ball of radius € centered at * by
B\(x,£):={yUX :d,\(x,y)<&}.

When g(n,€)<n, it is defined the (g;#,€) Bowen ball
centered at X as

B(gn&)={0X:y0B,(ne) for some NOl@no}= U Bx.e)

Definition 2.2. The dynamical system (X,7) has almost
specification property with mistake function g, if for any
&,»&, >0, there exist integers k, (&), *~k,(€,)
such that for any points x,,---,x, 0 X , and integers

n zk,(&),-n, 2k,(&,) , there exists a point z[JX
such that

T (2)UB, (g;x,,€,),j =1,,m,

where n,=0 and /, = Zj_l ng .

Remark 1. Pfister and Sullivan [9] showed that the strong
specification property implies the almost specification

property.
For any A4 [N, the upper density of A is defined by

E(A):=1imsup%|Aﬂ{0,1,---,n—l}|. (1)

n-o

Replacing limsup with liminf in (1) gives the definition of

Al (gin.€)

d(4) , the lower density of 4 . If there exists a number
d(A4) such that d(A)=d(A)=d(A) then it is said that the
set A4 has density d(A4). Fix any aU[0,1) and denote by
M, (resp. M?) the family consisting of sets 4[N with
d(A)>a (resp. d(A)>a).ltis denoted by M, the family
of sets with d(4)>a. Clearly I\?h consists of sets 4 with
d(A)=1,

Definition 2.3. A dynamical system (x,7) has (ergodic) F-
shadowing property if, for any £>0 there is 0>0 such
that every O-ergodic pseudo-orbit & is F-g-shadowed by
some point z[1X ,i.e.

Nz, é,6)0F .

o 1
In the special case of F =M (resp., F =M, and M?),
itis said that (x,7) has the ergodic shadowing property (resp.,
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d-shadowing property and g-shadowing
property).

3. Specification Property of Dynamical
Systems

A dynamical system (X.7) is a minimal system (or 7 is a
minimal map) if the T-orbit of every x[1X isdensein X.It
is easy to see that (X.7) is a minimal system if(X,7)has no
proper, nonempty, closed 7 -invariant subset. Here, for a
subsetY, T-invariant means 7()UY . In a dynamical system
(X.,7), an element xOX is called a minimal point if the

dynamical system (O;(x).T};;) is minimal. Note that every
periodic point is a minimal point, and that every minimal point
is a recurrent point.

Theorem 3.1. Let T has strong specification property, if T
is sensitive, then 7 is syndetically sensitive with the same
constant of sensitivity.

Lemma 3.2 ([8]). If T'X X hag strong specification
property, then 7'is Devaney chaotic.

Proof of Theorem 3.1. By Lemma 3.2 it is easy to see that
T is dense of periodic points. Suppose that 7 is sensitive
with constant 0>0. Let UOx be a nonempty open set. It is
well known that x0ON(U,¢ for som kLN Since (X,7) has a
dense set of minimal points, the product system (Xx.X,TxT)
also has a dense set of minimal points [10]. Therefore it can be
chosen y,-0OU such that (y,z) is a minimal point for 7' XT

and such that
d(T"(y),T*(z))> 0.

Let V,WOX be small enough open neighborhoods of
T*(y) and T*(z), respectively, with d(v,w)>0 for every
vV and wlW. In the system (XXX,TXT), the open set
VxW is a neighborhood of the point
(T*(),T"(2)).

Therefore, the set N, ((T*(»),T*(z)),V xW) is syndetic.
By the choice of V' and W, so

minimal

Npr (TH (), TH(2)),V xW)+k O N, (U,9).

Therefore, N,(U,9d) is also syndetic.

Theorem 3.3. Let 7 has almost specification property and
has an invariant measure with full support. If 7 is sensitive,
then 7 is syndetically sensitive with the same constant of
sensitivity. The following lemma follows from the ergodic
theorem.

Lemma 3.4 ([11]). If (X;1) is a compact dynamical system,
then for every nonempty open set UUX there exists a point
x0X suchthat d(N(x,U))=¢(U) .

Lemma 3.5 ([3]). Let (X.7) be a compact dynamical
system. An open set UDX is universally null if and only if
§(U)=0, or equivalently d(N(xU)=0 for every x0X.

Proof of Theorem 3.3. Fix any nonempty open set U . there
is £>0 and nonempty open sets WOV DU such that the €
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-neighborhood of J¥ is contained in ¥ and ¥ Qu. Since U

is not universally null, it is concluded from Lemma 3.4 and
Lemma 3.5 that there is ¥ >0 and a point xOW such that
d(N(x,W))=y.So

#d(N(x,W)\n)Z%/ for every nON .

Using the almost specification property, there is an M>0

such that for all m>M _there exists g(g,m) S"
> 2

Let n=max{N,M.k (&)} Let {x,}7,{&} 7. 1,175

be constant sequences, where X; =X,£, =&n. =n for
every j N, By ([3], Lemma 3.4) there is a point ¥ such
that 7"(»)0OB,(g;n.€) for every jUN. It is claimed that
N(»,V) is syndetic (has gaps bounded by 27 ). Assume
conversely that T “(y)OV for 2n consecutive indices [ .
In particular, for some /20 and every 0<i<n such that
T'(x)OW it necessarily has ¢(T7""(z),T'(x)) = £ . But this

" .

leads to a contradiction: 7-g(£,n)< 5 Therefore

N(,V) is syndetic with gaps bounded by 27 as claimed.
By the Auslander-Ellis Theorem ([12], Theorem 8.7) there is a
minimal point 2n proximal to V. It is easy to see that

T'(z)0U for some /=0. Since T'(z) is also a minimal

point the proof is finished.

Applying the proof process of Theorem 3.1, the Theorem
3.3 is proved.

Theorem 3.6. Let (X,7)be a dynamical system with strong

specification property. If (X,7) has the 4- shadowing
property or , shadowing property, then (X.7) is totally
syndetically transitive.

Lemma 3.7. If (x,7) is a topologically transitive system
with a dense set of minimal points, then (x,7) is totally

syndetically transitive.

Proof. Let U, be non-empty open subsets of x
containing points ) and y, , respectively. Choose a

symmetric neighborhood U of the diagonal A, such that

U l={y 0X | (y.y) DU} O
and
Ul 1={y 0X | (3,,0) DU} O W,

Choose a positive integer M(U) as in the definition of TSP.
For any sequence,

a,=b=0<a,<b,<---<a,<h,
with a,=b,_ 2M,j=2,3,---,k and

z[OX such that

T"’(z) =z,p>N.+N and F(z,xj)I:IU, a;<i< b,j=12--k.

X, Xy, -x, 0X | there exists a
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Thus, F'(zx)0U, ie. (z%)0U. Since {7 is symmetric,
zOV. Thus, every open set ¥ of X contains a periodic

point. Hence, the set of periodic points of T is dense in
X

Lemma 3.8 ([13]). For a dynamical system (x,7), the
following statements are equivalent:

(1) T hasthe d-shadowing property (resp.,

d-shadowing property);

QT * has the d-shadowing property (resp.,

d-shadowing property) for any ALIN;

3T * has the d-shadowing property (resp.,

d-shadowing property) for some ALIN.

Proof of Theorem 3.6. It is well known that every periodic
points are minimal points.

By Lemma 3.2 (X.T) has a dense of minimal points. First,
it is presented a proof for the case of the g-shadowing
property. Given any pair of nonempty open subsets U)X,

there exist uDUﬂM(T),
vl:IVﬂM(T) and &>0 such that B(u,ZS)DU and

B(V,ZE) V. Points u,v are minimal, hence there exists
K >0 such that forany nON,so

[n,n + Iq ﬂNT(u,B(u,E)) #0 ¢[n,n + Iq ﬂNT(v,B(v,E)) . There
exists 0>0 such that forany y,z O X .

d(y.z)<d=d(T"(y).T"(z)) <& forall 0<n<K.
Put =2 and L =L  +n for n=2 and
A =NN UnDN [LZn’LZnH]U[O’Ll)

and then denote B=NJ [L,..L,] - It is not difficult to
1

check that d(Z\{L,,L,,--})=1, and a’(A):d(B):2

Choose a sequence {x,}.., with
L= Tiw), iOA,
"\ T, iOB.

Directly by definition, it is obtained that {x,}, is a ¥
ergodic pseudo-orbit for any >0 and so by the _
shadowing property of T, there exists x[1X such that
— o 1
d(N(x,{x;}7,,0)) > 5

But, both sets ANA(x,{x}2,0) and BNA(x,{x)c,,0) are
infinite. Therefore, there exists

sOANA(x,{x,}2,0) and tOANNX,{x } 2, 0)
such that K<t-s.
d(T°(x),T"(u))=d(T"(x),x,)<0 and
d(T"(x),T'(w)) =d(T"(x),x,)< 0, and points ;) are minimal

Clearly,

hence there exist (< ;1< g such that T (u) O B(u, £)
and T""(v)OB(v,£). Then it has

AT (), T (x)) < &
and
AT (v), T (x)) < €.
In particular, (/+¢")=(s+s')>0 and
7 (x) D B(u,26) OV

This proves that (x,7) is transitive, hence syndetically
transitive by Lemma 3.7.

By Lemma 3.8, the dynamaical system (X,7") has d-
shadowing for every 7 =1,2,--+, which completes the proof

of the case of the g-shadowing property. If (X,T) hasthe d—

shadowing property then the same proof works, with the only
modification of the definitions

I, =L =2,1 =20
and

L =l ++1I for n2,

4. Conclusion

In the research of dynamical system, because the exact
solutions of most systems cannot be obtained, scholars often
use numerical calculation. The existence of computational
errors inevitably leads to the production of “pseudo-orbit”. It
is well known that if a system has a “pseudo-orbit-shadowing
property in the usual sense”, then any pseudo-orbit with a
sufficiently small single step error must be tracked by a real
orbit-shadowing, and its “shadowing error”is uniformly
bounded. This indicates that the numerically calculated
pseudo-orbit can truly reflect the local dynamic behavior of
the system in a certain sense.

In this paper, it is introduced several types of strong
sensitivity and strong transitivity, and discussed the
relationship between these properties in systems with different
shadowing properties. It will lay a theoretical foundation for
further exploring the dynamical behavior of the system.
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